For inversion-symmetric topological insulators and superconductors characterized by Z2 topological invariants, two scaling schemes are proposed to judge topological phase transitions driven by an energy parameter. The scaling schemes renormalize either the phase gradient or the second derivative of the Pfaffian of the time-reversal operator, through which the renormalization group flow of the driving energy parameter can be obtained. The Pfaffian near the time-reversal invariant momentum is revealed to display a universal critical behavior for a great variety of models examined.
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I. INTRODUCTION
An issue that is of fundamental significance in the field of topological order is how to drive a system into topologically nontrivial states, such that their intriguing properties can be exploited. The topologically nontrivial state usually requires inverting two bulk bands of different symmetries, which is typically achieved by tuning an energy parameter such as chemical potential [1] [2] [3] [4] , hopping amplitude 5 , external magnetic field 4 , interface coupling [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , etc. Consequently, to identify the topological phase transitions, the usual way is to seek the value of the tuning energy parameter at which the gap of the two bulk bands closes. Provided the system belongs to a suitable symmetry class [16] [17] [18] , one then expects that the band inversion leads to a topologically nontrivial phase.
Recently, another recipe for judging topological phase transitions has been developed, namely the scaling theory of topological invariants 19 . Drawing an analogy from Kadanoff's scaling approach 20 , which lays the foundation for the renormalization group (RG) in Landau's order parameter paradigm, the issue of scaling is itself of importance. Since topologically nontrivial systems do not necessarily possess order parameters, the very concept of scaling must follow a different principle than in Kadanoff's approach. Indeed, it was shown in Ref. 19 , that for inversion-symmetric topologically nontrivial systems the meaning of scaling corresponds to stretching a knotted string, thereby revealing the number of knots it contains 19 . This is in contrast to Kadanoff's approach, where short range degrees of freedom are successively integrated out.
The philosophy behind the scaling theory of topological invariants is the observation that topological properties are characterized by a winding number that is calculated from a momentum-space integration of a certain curvature function, e.g., a Berry curvature [21] [22] [23] , a Berry connection 24 , or a winding number density 36 . Although the curvature function (local curvature of a closed string) changes as the tuning energy parameter varies, the winding number (number of knots) remains the same, as long as the system stays in the same topological phase. The scaling procedure is a process that converges the curvature function into its fixed point configuration without changing the winding number. Hence, the "RG flow" of the tuning energy parameter is akin to stretching a string until all the knots are tightened.
The purpose of this paper is to derive the scaling theory for inversion-symmetric topological systems characterized by Z 2 topological invariants [16] [17] [18] . In contrast to Z invariants, which are computed from a Berry curvature (or a winding number density), the Z 2 invariants can be expressed in terms of the matrix elements of the time-reversal operator Θ [25] [26] [27] [28] ,
where |e α (k, M ) is the α-th occupied eigenstate at momentum k. The tuning energy parameter is denoted by M (previously denoted by Γ in Ref. 19) . Note that Z 2 invariants can also be defined in terms of the sewing matrix 29 w αβ (k, M ) = e α (−k, M )|Θ|e β (k, M ) . (For alternative definitions of the Z 2 invariants see also Ref. 18 .) Here, however we focus on Z 2 invariants given in terms of Eq. (1), because m αβ is antisymmetric at any k and hence its Pfaffian is a continuous function that can be rescaled to judge topological phase transitions. The Pfaffian of w αβ , on the other hand, is only defined at the discrete time-reversal invariant momenta, for which we do not see how a continuous scaling scheme can be constructed.
There are two possible ways to obtain the Z 2 invariant from Eq. (1): (i) from the phase of Pf(m) or (ii) from the sign of Pf(m). In the following we demonstrate that for each of these two possibilities there exists a continuous scaling scheme, which employs either the phase gradient or second derivative of Pf(m). Under these scaling schemes, the RG flow of any tuning energy parameter can be obtained, from which the topological phase transitions can be identified, regardless of the symmetry class of the system. Furthermore, we obtain a length scale defined from the divergence of the phase gradient of Pf(m) [or from the second derivative of Pf(m)] at time-reversal invariant momenta. This length scale signals scale invariance at the fixed points and critical points, thereby implying universal critical behavior.
II. SCALING SCHEME USING PHASE OF THE PFAFFIAN
Let us start by considering the scaling scheme which employs the phase of Pf(m). Before we examine several examples, we first discuss the general formalism of this scaling scheme.
A. General formalism
One possibility to obtain a Z 2 invariant from Pf(m) is by use of the following formula
which simply counts the number of windings of the phase
in the half Brillouin zone (BZ) 
BZ.
The scaling scheme is constructed in the following way. We choose a scaling directionk s to define the scaling function
which is an even function around a time-reversal invariant momentum k 0
Given an initial value of M , we seek for a new M ′ that satisfies
where δkk s is a small displacement along the scaling direction. The mapping M → M ′ gives an RG flow that identifies the topological phase transition. The reason for considering Eq. (6) is the deviation-reduction mechanism detailed in Ref. 19 . In short, we write F (k, M ) as a sum of the fixed point configuration F f and the deviation F v away from it
Because the deviation part F v (k, M ) in inversion symmetric systems is an even function of k and must integrate to zero to conserve the Z 2 invariant, it can be expanded in terms of Fourier cosine series. One can then rigorously proved that the amplitude of the deviation part at the high symmetry point F v (k 0 , M ) gradually reduces to zero under the operation of Eq. (6). Hence, F (k, M ) gradually converges to the fixed point configuration F f (k, M f ) that is invariant under this scaling procedure. As a result, the system gradually flows away from the critical point M c , where F (k 0 , M ) diverges, to the fixed point M f where F (k 0 , M ) flattens to second order. We remark that similar to all other RG approaches, this scaling scheme finds the fixed point M f but it does not give a physical meaning to M f , i.e., it does not tell us whether a particular M f is topologically trivial or nontrivial, which nevertheless can be clarified by directly calculating the Z 2 invariant at M f or at any M that flows to this M f .
Expanding Eq. (6) in both dM = M ′ −M and dl = δk 2 yields the leading order RG equation
Since there is only one energy parameter M , one can always map the RG equation into the equation of motion dM/dl = −∂V /∂M of an overdamped particle in a conservative potential, where M , l, and V play the roles of coordinate, time, and potential energy, respectively 30, 31 . The extremal of F (k, M ) at k 0 suggests that near k 0 , one can expand
The length scale ξ characterizes the scale-invariance at the fixed point and critical points, as we shall see in the examples below. For 4 × 4 Dirac Hamiltonians that include sublattice or orbital degrees of freedom, our discussion follows along the lines of Ref. 26 , where Z 2 invariants for inversion symmetric systems have been considered. A generic Dirac Hamiltonian can be written in terms of the Gamma matrices Γ a as
where the corresponding spinor basis consists of a sublattice degree of freedom (A/B) and a spin degree of freedom (↑ / ↓) with
For the Gamma matrices Γ a we adopt the representation
where σ i acts on sublattice space and s i acts on spin space, and I is the identity matrix. With these definitions the time-reversal operator is given by
where K is the complex conjugation operator. The parity operation is given by
and therefore inverts the two sublattices. The Γ a matrices transform under these operations as
Thus, Γ a is even under the combined symmetry P Θ. After diagonalization, the energy spectrum is obtained
One can label the four eigenstates by |e α (k, M ) , and calculate the timereversal operator matrix elements m αβ accordingly. The corresponding Pfaffian is
Hence, the gradient of the phase of the Pfaffian is only determined by
The RG procedure, Eqs. (4) and (6), can then be applied, with a proper choice of scaling directionk s which depends on the precise form of d 1 and d 2 , as shown in the examples below.
B. Graphene model
Our first example concerns the graphene model of Fu and Kane 26, 32 . We choose to parametrize it by dimensionless chemical potential µ and hopping amplitude t, where the hopping amplitude is set to be the energy unit t = 1. The model is a 2D 4 × 4 Dirac Hamiltonian of class AII with (18) where the topological phase transition is driven by varying µ. The field ϕ(k, µ) is shown in Fig. 1 (see also Ref. 32) . One can clearly see that ϕ(k, µ) is odd along the diagonal directionk s = (1/ √ 2, 1/ √ 2), therefore its gradient F (k, µ) is even along this direction around both k 0 = (0, 0) and k 0 = (π, π) of the BZ. From Eqs. (16) and (17), we choose the scaling function to be
Using Eq. (6) with the small displacement δkk s = δk(1, 1)/ √ 2 and writing dµ = µ ′ − µ, dl = δk 2 , one obtains the leading order RG equation
The upper and lower signs in Eq. (20) correspond to the choice k 0 = (0, 0) and k 0 = (π, π), respectively. The RG equation correctly captures the critical point µ c = ±2. The fixed points are at µ f = {0, ±∞}. As shown in Fig. 1 , the length scale ξ diverges at the critical point µ c when k 0 is chosen to be the gap-closing momentum at this µ c . For instance, ξ diverges at µ c = 2 when one chooses k 0 = (π, π) which is the gap-closing momentum at this µ c . Thus the divergence of ξ reflects the divergence of F (k 0 , µ) at the gap-closing k 0 when µ approaches µ c .
C. Diamond lattice model
Next, we discuss the 3D diamond lattice model of Ref 26 . This 3D model belongs to symmetry class AII and is described by Eq. (10) with the d(k, δt) given by
We seek for the weak topological phase transitions of this model, which are driven by δt. That is, we look for changes in the weak topological invariants that are defined for the three high-symmetry planes, k x = 0, k y = 0, and k z = 0, of the 3D BZ. These topological phase transitions can be conveniently captured by choosing the scaling direction k s = (1, 1, 1)/ √ 3 that has nonzero projection in all three high-symmetry planes. With this choice for k s we apply Eqs. (4) and (6) together with Eq. (17), which is an even function of k.
The gap of the 3D diamond lattice model (21) can close at any corner of the first quartet of the BZ, i.e., at k 0 = (k 0x , k 0y , k 0z ) with k 0i = 0 or π. Thus, to capture all the critical points in the whole δt parameter space, it is necessary to perform the scaling procedure in every k 0 , similar to the situation of a topological insulator in d-dimensional cubic lattice 19 . For a given k 0 in the first quartet of the BZ, we denote N 0 as the number of 0's and N π as the number of π's of its three components k 0 = (k 0x , k 0y , k 0z ). It is convenient to introduce the dimensionless parameter M = δt/t and discuss the phase transition accordingly. Applying Eqs. (4) and (6) with k s = (1, 1, 1) / √ 3, and denoting M ′ −M = dM , dl = δk 2 , one obtains the RG equation
This RG equation correctly captures the phase transitions which occur when M = δt/t = −1 − N 0 + N π , corresponding to the gap-closing condition at k 0 . Since N 0 − N π = {−3, −1, 1, 3}, there are four critical points δt = {2t, 0, −2t, −4t} that are correctly identified by the RG flow in Fig. 2(b) . The length scale ξ diverges or vanishes at the critical points, and vanishes at the fixed point, as indicated in Fig. 2(a) , indicating that it is an adequate index to characterize the scale invariance at the critical points and the fixed points 34 .
III. SCALING SCHEME USING SECOND DERIVATIVE OF THE PFAFFIAN
Next, we consider the scaling scheme which uses the second derivative of the Pfaffian. As before, we first discuss the general formalism and then illustrate the RG scheme by use of examples.
A. General formalism
Let us consider topological systems whose Z 2 invariants are calculated by the sign of the Pfaffian at highsymmetry points 26, 27 (−1)
where k 0,i is the i-th high-symmetry point. Note that at k 0,i the m αβ matrix is equal to the sewing matrix w αβ . The Pfaffian Pf(m) in these models is not necessarily complex, hence it may have no phase gradient and the scaling scheme of the previous section is not applicable.
For the examples below, we found that
i.e., Pf[m(k 0,i )] remains at ±1 within a particular topological phase (see Fig. 3 below) . Hence, instead of using the phase of Pf(m), we propose to use the second derivative of the Pfaffian as the scaling function
where the scaling directionk s k 0,1 − k 0,2 points from one high-symmetry point k 0,1 to another k 0,2 . This is a well-defined choice because the 1D integral of Eq. (25) along the path from k 0,1 to k 0,2 is a topological invariant
That is, the integration is equal to the first derivative of Pf[m(k, M )] at the high-symmetry points, which is always zero because Pf[m(k 0,i , M )] = ±1 is an extremum. Applying the scaling procedure, Eq. (6), with F (k, M ) given by Eq. (25) then reduces the second derivative of Pf[m(k, M )] without changing the fact that it is an extremum at k 0,i . Hence, the system flows away from the critical point at which the second derivative of Pf[m(k, M )] at k 0,i diverges (see Fig. 3 below) . The second derivative is reduced under this scaling procedure because, since the result of integration C ′ is always zero, the scaling function itself is the deviation function F (k, M ) = F v (k, M ) whose value at k 0,i is reduced to zero as discussed after Eq. (7). Note that since C ′ in Eq. (26) is always zero, it is not directly related to the Z 2 invariant in Eq. (23) . The length scale ξ can also be introduced using Eq. (9), which is again an appropriate index to characterize the scale invariance at the critical points and fixed points in this scaling scheme.
B. Bernevig-Hughes-Zhang (BHZ) model
The Pfaffian calculated from the BHZ model of symmetry class AII is a real function that has no phase gradient, so we use the scaling scheme based on the second derivative of the Pfaffian. We follow the notation in Ref. 35 . Consider the basis for spinful s and p orbitals
and the following representation for Γ a matrices
With these definitions, the Dirac Hamiltonian is expressed as 
for the two occupied states is
The quantity d 3 /d determines the topology of the system according to Eq. (23) . From Eq. (25), without loss of generality, we choosek s = (1, 0) = k x to define
and then apply Eq. (6) . For the Dirac Hamiltonian in Eq. (29), using dl = δk 2 and M ′ = M + dM , leads to the generic RG equation
For the four choices of k 0 , one obtains
which correctly captures the critical point at M c caused by gap-closing at the corresponding k 0 . The fixed points M f have the meaning that F (k, M ) flattens to second order around k 0 hence β(M f ) = 0. However, at M M f and M M f the RG equation β(M ) are of the same sign, i.e., RG flows are along the same direction, so the M f is an unstable fixed point on one side of M f and stable on the other side, as indicated in Fig. 3(c) by the blue dots.
C. Topological superconductor
The 2D topological superconductor of class DIII is another example of this scaling scheme. Starting from the 4 × 4 Dirac matrices
we consider the following continuum description of the class DIII superconductor
whose matrix element for to the filled bands is
The proper quantity to rescale is thus the second derivative of m 12 ,
where the scaling direction can be along any radial directionk s =k, since the problem is rotationally symmetric.
Using dl = δk 2 , M ′ = M + dM , and the only high symmetry point k 0 = (0, 0), Eq. (6) gives
which correctly captures the critical point at M c = 0.
IV. CONCLUSIONS
In summary, we show that for inversion-symmetric topological insulators and topological superconductors characterized by Z 2 topological invariants, a continuous scaling scheme can be constructed based on the Pfaffian of the time-reversal operator. Out of various possibilities for the definition of the Z 2 invariant 18 , we focus on those that use the Pfaffian of Eq. (1). In these cases the Pfaffian is a continuous function such that it can be rescaled to judge the topological phase transitions. The scaling scheme renormalizes the scaling function, which is either the phase gradient or the second derivative of the Pfaffian depending on which scenario is more conveniently applicable for the model. Despite that different systems require different choices of the scaling function F (k, M ), we found that in general F (k, M ) satisfies the following criterion: (1) Its integral over a certain spatial dimension d ′ (not necessarily equal to d) is a topological invariant The scaling procedure, Eq. (6), reduces the divergence of F (k 0 , M ) while keeping its sign. Hence the system is gradually flowing away from the critical point M c . This should serve as the general criterion for any system, and is expected to hold even for systems that lie outside of the two scaling schemes addressed here (if there is any). Moreover, we found that the length scale defined from the divergence of either the phase gradient or the second derivative of the Pfaffian displays a universal critical behavior
This critical behavior is shared by all the models that we examined, which covers a wide range of dimensions and symmetry classes.
Finally, we remark that an important question for future studies is whether scaling schemes are also applicable to interacting topological systems. Furthermore, one could consider scaling schemes that renormalize not the Hamiltonian but the entanglement spectrum, which shows divergences at topological phase transitions 37 . The clarification of these questions requires further investigations.
